Weak-coupling to unitarity crossover in Bose-Fermi mixtures:
  Mixing-demixing and spontaneous symmetry breaking in trapped systems by Gautam, Sandeep & Adhikari, S. K.
Weak-coupling to unitarity crossover in Bose-Fermi mixtures: Mixing-demixing and
spontaneous symmetry breaking in trapped systems
Sandeep Gautam ∗1 and S.K. Adhikari †2
1Department of Physics, Indian Institute of Technology Ropar, Rupnagar, Punjab 140001, India
2Instituto de F´ısica Teo´rica, UNESP - Universidade Estadual Paulista, 01.140-070 Sa˜o Paulo, Sa˜o Paulo, Brazil
The usual treatment of a Bose-Fermi mixture relies on weak-coupling Gross-Pitaevskii (GP) and
density-functional (DF) Lagrangians, often including the more realistic perturbative Lee-Huang-
Yang (LHY) corrections. We suggest analytic non-perturbative beyond-mean-field Bose and Fermi
Lagrangians valid along the crossover from weak- to strong-coupling limits of intra-species inter-
actions consistent with the LHY corrections and the strong-coupling (unitarity) limit for small
and large scattering lengths |a|, respectively, and use these to study the Bose-Fermi mixture. We
study numerically mixing-demixing and spontaneous symmetry breaking in Bose-Fermi mixtures in
spherically-symmetric and quasi-one-dimensional traps while the intra-species Bose and Fermi inter-
actions are varied from weak-coupling to strong-coupling limits.The LHY correction is appropriate
for medium to weak atomic interactions and diverges for stronger interactions (large scattering length
|a|), whereas the present beyond-mean-field Lagrangian is finite in the unitarity limit (|a| → ∞).
We illustrate our results using the Bose-Fermi 7Li-6Li mixture under a spherically-symmetric and
a quasi-one-dimensional trap. The results obtained with the present model for density distribution
of the Bose-Fermi mixture along the crossover could be qualitatively different from the usual GP-
DF Lagrangian with or without LHY corrections. Specifically, we identified spontaneous symmetry
breaking and demixing in the present model not found in the usual model with the same values of
the parameters.
I. INTRODUCTION
Soon after the observation of Bose-Einstein conden-
sates (BEC) in ultra-cold, ultra-dilute, harmonically
trapped alkali atom vapors [1], several groups were able
to create and study trapped super-fluid Fermi gas [2] and
Bose-Fermi mixture [3] in a laboratory. Of these, a study
of trapped super-fluid Bose-Fermi mixture is of interest
because of a rich variety of phenomena it can exhibit
[4, 5]. Such study can provide information about dif-
ferent intra- and inter-species interactions acting in this
mixture. Phase-separation − a typical feature of binary
super-fluids − in mixtures of quantum degenerate gases
has been investigated in Bose-Fermi systems [6, 7]. With
the advent of experimental techniques, now it is possible
to change the different inter- and intra-species interac-
tions in a super-fluid Bose-Fermi mixture by manipulat-
ing an external electromagnetic interaction near a Fesh-
bach resonance [8]. Hence, it is of natural interest to see
how the different mixed and demixed phases of a super-
fluid Bose-Fermi mixture change as the inter- and intra-
species interactions are varied. It is also of interest to see
if such phases could spontaneously break the symmetry
of the underlying Lagrangian.
In the present paper, we study the mixing-demixing
transition in Bose-Fermi super-fluid mixtures in three-
dimensional isotropic and quasi-one-dimensional (quasi-
1D) harmonic traps as the intra-species Bose and Fermi
interactions are increased from weak to strong coupling.
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The hyperfine spin-1/2 Fermi super-fluid is considered to
be in a fully paired (spin-up-down) state [7, 9] rather than
in a spin-polarized single hyperfine state [3, 6]. We con-
sider the intra-species interaction for Bose (Fermi) com-
ponent as repulsive (attractive) which can be changed
continuously from the weak-coupling limit to unitarity.
The inter-species interaction between the Bose and the
Fermi components is considered to be repulsive within
the weakly coupling region. The strong-coupling unitary
limit, where the gas parameter x = |a|n1/3 → +∞ with
a the s-wave scattering length, and n the density, has
recently drawn a great-deal of attention as it is charac-
terized by universal laws arising from scale invariance.
This limit is of great interest in different areas, such as,
Bose and Fermi super-fluids [10–15], superconductivity
[16], string theory [17], neutron [18] and Bose [19] stars,
and quark-gluon plasma [20], and can be achieved in a
laboratory [8] in a Bose-Fermi super-fluid mixture.
The usual mean-field treatment of super-fluid Bose-
Fermi mixture [7] is confined to the weak-coupling limit
of Bose and Fermi interactions described by the Gross-
Pitaevskii (GP) [4, 21] Lagrangian for bosons and the
density-functional (DF) [5] Lagrangian for fermions. As
the interaction strength is increased, we need a non-
perturbative beyond-mean-field description. Lee, Huang
and Yang (LHY) provided a perturbative Lagrangian
for bosons [22] and fermions [23]. Although the LHY
Lagrangian is valid for slightly stronger interactions, it
is not appropriate for very strong interactions in the
unitarity limit, where it diverges. For this investiga-
tion, we proposed minimal analytic forms of Bose and
Fermi Lagrangians valid from weak-coupling to unitar-
ity with proper LHY [22, 23] and unitarity limits with-
out fitting parameter(s). Most of previous suggestions
ar
X
iv
:1
90
6.
01
45
1v
2 
 [c
on
d-
ma
t.q
ua
nt-
ga
s] 
 7 
Au
g 2
01
9
2for such crossover functions for both bosons [7, 24] and
fermions [7, 25] were numerical with fitting parame-
ter(s) and hence did not have the analytic LHY lim-
its. With the present analytic weak-coupling to unitar-
ity crossover functions, we write the dynamical beyond-
mean-field equations for the Bose-Fermi system, which
we use in this study of Bose-Fermi mixture in spherically-
symmetric and quasi-1D traps. For a quasi-1D confine-
ment, we use this beyond-mean-field 3D model rather
than a strict 1D model obtained from a quantum me-
chanical many-body 1D Hamiltonian. Such a strict 1D
model has novel properties like fermionization of bosons
[26]. The nonlinearities of the strict 1D model are also
different from the present 3D model. For a large finite
transverse trap in the present quasi-1D case, as in experi-
ments, the present 3D model should be appropriate. How
the present results will approximate the results of the
strict 1D model under infinitely strong transverse trap is
an open question beyond the scope of the present study.
In the present study, we find that the density distribu-
tion of the Bose-Fermi mixture along the weak- to strong-
coupling crossover could be qualitatively different from
that obtained employing the usual GP-DF Lagrangian
with or without the LHY corrections. For example, we
found demixing in the Bose-Fermi mixture obtained us-
ing the present model where the GP-DF Lagrangian pre-
dicted mixing of the components. We also found sponta-
neous symmetry breaking in the present model not found
in the GP-DF model.
The plan of the paper is as follows. In Sec. II, we
present the analytic expressions for energy and chemical
potential of uniform Bose and Fermi super-fluids along
the weak coupling to unitarity crossover and derive the
nonlinear equations to study the mixing-demixing transi-
tion and spontaneous symmetry breaking in Bose-Fermi
super-fluid mixtures. In Sec. III, we present the numer-
ical results along the weak- to strong-coupling crossover
for the Bose-Fermi mixture under spherically-symmetric
and quasi-1D traps. We compared our results with
those obtained from the usual weak-coupling GP-DF La-
grangian for the Bose-Fermi mixture and found that the
present results could be qualitatively different. A sum-
mary of our findings is given in Sec. IV.
II. ANALYTICAL MODEL ALONG THE WEAK
TO STRONG COUPLING CROSSOVER
Bose and fully-paired Fermi super-fluids in the weak-
coupling limit are well described by mean-field GP [21]
and DF [27] [5] equations, respectively. These equa-
tions for bosons [4] and fermions [7] are equivalent to
the super-fluid hydrodynamic equations. The Bose and
Fermi super-fluids are described by a macroscopic order
parameter. In case of bosons, the order parameter is also
the single-particle wave function in the Hartree approxi-
mation of the many-body dynamics. In case of fermions,
the macroscopic order parameter refers to a fully-paired
bosonic entity known as Cooper pair [28]. Hence, the
macroscopic hydrodynamic description of a Fermi super-
fluid is formulated in terms of paired fermions in the form
of Cooper pairs [28] and not in terms of single-particle
Fermi wave function [7]. Such a description has led to ex-
cellent results for many collective [29, 30] phenomena in
many-fermion super-fluids, such as density [31] distribu-
tion or frequency of oscillation [29], where a many-body
description becomes unmanageable.
The macroscopic behavior of a Bose [4] or Fermi [5]
super-fluid is governed by the classical Landau [32] equa-
tions of irrotational hydrodynamics with the velocity field
vi = ~∇Si/2mi, where Si is the phase of the order pa-
rameter φi(r, t) =
√
ni(r, t)e
iSi(r,t) where i =
√−1, ni
is the density, mi is the mass of the fundamental entity
responsible for super-fluidity: a bosonic atom or a Fermi
pair. Here i = B stands for bosons and i = P for paired
fermions. The continuity equation and the irrotational
flow equation in this case, e. g., [32]
∂ni
∂t
+∇ · (nivi) = 0, (1)
mi
∂vi
∂t
+∇
(
Vi +
1
2
miv
2
i −
~2∇2√ni
2mi
√
ni
+ µi
)
= 0, (2)
are entirely equivalent to the following dynamical equa-
tion for the order parameter φi(r, t)
i~
∂φi
∂t
=
(
− ~
2
2mi
∇2 + Vi + µi
)
φi, (3)
where V is an external potential and µi, is the bulk
chemical potential for the uniform Bose or Fermi gas.
The quantum pressure term −~2∇2√ni/2mi√ni was not
present in Eq. (2) in the original classical flow equations
but were introduced later for an accurate description of
the dynamics. This term leads to the proper kinetic en-
ergy term in the Galilean invariant [7] dynamical equa-
tion (3). For bosons Eq. (3) is the GP equation. For
fermions we can relate the fermion and pair variables by
mP = 2mF , VP = 2VF , µP = 2µF and Eq. (3) becomes
the following equivalent density functional (DF) equation
i~
∂φF
∂t
=
(
− ~
2
8mF
∇2 + VF + µF
)
φF . (4)
In the strong-coupling regime, the scattering length
ai is much larger than all length scales (|ai| → ∞) and
consequently, the system shows universal behavior [10,
11, 33] determined by the density ni independent of the
parameter ai. Here i = B stands for bosons and i = F
for paired fermions. By dimensional arguments, the bulk
chemical potential of a uniform Bose or Fermi gas at
unitarity is given by [5, 7]
lim
|ai|→∞
µi(ni, ai) =
~2
mi
ηin
2/3
i , (5)
where ηi is a universal parameter and mi the mass of an
atom.
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FIG. 1: (Color online) Dimensionless function f(x) of
the zero-temperature bulk chemical potential (7) versus x.
present: the crossover function (8) with ηB = 4.7, DG:
Hartree calculation of Ding and Greene [36], GP: GP func-
tion f(x) = 4pix, LHY: LHY function f(x) = 4pix+ 4piαx5/2,
num: numerically calculated from energy density (11) using
µB = ∂(nBEB)/∂nB .
In the weak-coupling limit the bulk chemical potential
of a uniform Bose gas is given by [22]
µB(nB , aB) =
~2
mB
(4pinBaB + 2piαn
3/2
B a
5/2
B + ...), (6)
where α = 64/(3
√
pi), and the first term 4pinBaB on the
right-hand side is the weak-coupling mean-field GP [21]
result and the second term is the perturbative LHY con-
tribution [22], which becomes important for moderate
values of the scattering length aB (> 0). The LHY con-
tribution to µB(nB , aB) has limited validity as it diverges
as aB →∞ at unitarity, whereas the correct µB(nB , aB)
should remain finite at unitarity as given by Eq. (5).
The minimal analytic form of the non-perturbative bulk
chemical potential consistent with the LHY correction
(6) and the unitarity limit (5) and also valid along the
crossover from weak to strong coupling is [34]
µB(nB , aB) ≡ ~
2
mB
n
2/3
B f(x), x = aBn
1/3
B , (7)
f(x) = 4pi
x+ αx5/2
1 + α2 x
3/2 + 4piαηB x
5/2
. (8)
Equation (7) with (8) is a Pade´ approximant to the bulk
chemical potential with the proper weak-coupling LHY
and unitarity limits. The LHY bosonic energy density
consistent with Eq. (6) is
EB(nB , aB) ≡ 1
nB
∫ nB
0
µi(n, aB)dn
=
~2
mB
(
2pinBaB +
4
5
piαn
3/2
B a
5/2
B + ...
)
.(9)
The same at unitarity consistent with Eq. (5) is
EB(nB , aB) = ~
2
mB
3
5
ηBn
2/3
B . (10)
These two limiting values can be combined to give the fol-
lowing minimal energy density valid from weak coupling
to unitarity
EB(nB , aB) ≡ ~
2
mB
2pin
2/3
B (x+
4α
5 x
5/2)
1 + 2α5 x
3/2 + 8piα3ηB x
5/2
(11)
Although there is no experimental estimate of the pa-
rameter ηB for bosons despite some attempts [10], there
are several microscopic many-body calculations of this
parameter lying in the range from 3 to 9 [35, 36]. Of
these, Ding and Greene (DG) [36] performed a micro-
scopic Hartree calculation along the crossover and in ad-
dition to the value of ηB = 4.7, they provided a reli-
able estimate of the universal function f(x) along the
crossover. In Fig. 1, we illustrate the present univer-
sal function f(x) of Eq. (8) for ηB = 4.7 and compare
with the same from the microscopic calculation of DG
[36] and also with the GP functional f(x) = 4pix and
the LHY functional f(x) = 4pi(x + αx5/2/2). For very
small x or for small values aB , both the GP and LHY
functionals are in reasonable agreement with the present
crossover functional as can be seen in Fig. 1. However,
for larger x, near unitarity, the GP and the LHY contri-
bution cannot describe the actual state of affairs.
For a fully-paired uniform super-fluid of spin-1/2 Fermi
gas, the energy density is given by [5, 23]
EF (nF , aF ) = 3
5
EF
[
1 + c1y + c2y
2 + ...
]
, (12)
c1 =
10
9pi
, c2 =
4(11− ln4)
21pi2
, y = kFaF ,
(13)
with Fermi momentum kF = (3pi
2nF )
1/3, Fermi energy
EF = ~2k2F /2mF , aF (< 0) the scattering length of spin
up-down fermions. In Eq. (12), the first term 3EF /5 is
the DF term [5, 7] valid in the Bardeen-Cooper-Schrieffer
(BCS) [37] weak-coupling limit. The next two terms rep-
resent the perturbative LHY contribution [23]. The en-
ergy density at unitarity is written as [7, 29]
lim
|aF |→∞
EF (nF , aF ) = 3
5
EF ηF . (14)
The minimal analytic energy density along the weak-
coupling to unitarity crossover consistent with the weak-
coupling LHY limit (12) and the unitarity limit (14) is:
EF (nF , aF ) = 3
5
EF
1 + c1y + (c2 − 2c21)y2
1− 2c1y + (c2−2c
2
1)y
2
ηF−1
 . (15)
The following expression for the bulk chemical poten-
tial of a uniform Fermi gas in the weak-coupling LHY
limit can be obtained from Eq. (12):
µF (nF , aF ) ≡ ∂(nFEF )
∂nF
= EF
[
1 + d1y + d2y
2 + ...
]
,
(16)
d1 =
4
3pi
, d2 =
4(11− ln4)
15pi2
. (17)
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FIG. 2: (Color online) Energy density EF versus (aF kF )−1
along the weak-coupling BCS to unitarity crossover: (a) Eq.
(15) (present) with ηF = 0.4; Eq. (12) (LHY); quantum
Monte Carlo results of Ref. [41]; Ref. [42]; and Ref. [43].
(b) Eq. (15) (present) with ηF = 0.4; experimental results
of Refs. [12], [44], and [45], and theoretical results using
FNDMC [46], LW [47], NSR [48], QMC [49], and ETMA [50]
methods. (c) Bulk chemical potential µF versus (aF kF )
−1
along the weak-coupling BCS to unitarity crossover: Eq. (18)
(present) with ηF = 0.4; Eq. (16) (LHY); numerically calcu-
lated from Eq. (15) using µF = ∂(nF EF )/∂nF (num).
A non-perturbative expression for the chemical potential
along the crossover is written in an analogous fashion
µF (nF , aF ) ≡EF g(y), (18)
g(y) =
1 + d1y + (d2 − 2d21)y2
1− 2d1y + (d2−2d
2
1)y
2
ηF−1
 . (19)
This bulk chemical potential has the correct LHY limit
(16) and the unitarity limit:
lim
|aF |→∞
µF (nF , aF ) = EF . (20)
In this paper we will use Eq. (4) to describe Fermi dy-
namics with µF of Eq. (18) correct in the weak- and
strong-coupling limits employing Fermi variables, and
not pair variables. Actually, the chemical potential µF
and the associated energy for fermions was used by von
Weizsa¨cker [38] to describe properties of atomic nucleus
without any super-fluid properties long before the work
of Landau [32]. The expression for chemical potential µF
(18) remains valid for any value of super-fluid fraction.
Hence, Eq. (4) can be used to describe many macro-
scopic properties of equal mixture of spin-up and -down
fermions, like density distribution and frequency of oscil-
lation, independent of its super-fluid nature. This is per-
tinent as for attractive interaction between spin-up and
-down fermions the super-fluid fraction could be small
[39]. For small values of super-fluid fraction, the use of
Eq. (4) to describe super-fluid properties of attractive
fermions, such as the generation of vortex lattice in a ro-
tating Fermi super-fluid, may lead to qualitatively wrong
result because the unpaired fermions remain in a normal
state and do not contribute to vortex lattice formation.
For describing the formation of vortex lattice, a more fun-
damental set of dynamical equations [40] should be used.
The simple DF equation (4) can, however, be used to de-
scribe non-super-fluid properties of the Fermi gas, such as
density distribution and phase separation, even for small
values of super-fluid fraction. There have been numer-
ous successful applications of similar crossover models to
study density distribution [29, 31] and collective dynam-
ics [30] of a Fermi gas along the crossover.
There are results of energy density EF (nF , aF ) from
several theoretical microscopic calculations [41–43, 46–
50] and experimental estimates [12, 44, 45]. Most of the
theoretical and experimental estimates for ηF lie in the
range ηF = 0.4± .05 [12–15, 42, 44–50] and in this paper
we will employ ηF = 0.4. In Fig. 2(a), we plot present
energy density EF of Eq. (15) versus (kFaF )−1, its LHY
limit (12) and the theoretical [41–43] estimates of energy
density. In 2(b) we compare the present result with sev-
eral other experimental [12, 44, 45] and theoretical [46–
50] estimates near unitarity. In Fig. 2(c), we plot the
chemical potential (18) versus (kFaF )
−1, its LHY limit
(12), and the numerically calculated chemical potential
from the energy density (15). From Figs. 2, we find that,
for large values of (|aF |kF )−1 in the weak-coupling limit
(|aF | → 0), the present crossover results for EF and µF
agree well with the LHY contribution. Along the whole
crossover, the agreement of the present EF (15) and µF
(18) with other estimates is good, and we will use these
in the present study with the crossover model.
There have been previous attempts to parameterize the
chemical potential of a uniform Bose [7, 24] and Fermi
[7, 25] systems. These previous attempts heavily relied
on fitting parameters and/or the agreement with known
experimental and theoretical data was poor. The present
analytic bulk chemical potentials for uniform bosons (7)
and fermions (18) have no fitting parameters and have
excellent agreement with known data as illustrated in
Figs. 1 and 2, and we will use these in this study.
The Lagrangian density of the localized super-fluid
5Bose-Fermi mixture is written as [7]
L =
∑
i
[
i~
Ni
2
(φiφ˙
∗
i − φ∗i φ˙i) +Ni{Vi + Ei(ni, ai)}|φi|2
]
+
NB~2
2mB
|∇φB |2 + NF~
2
8mF
|∇φF |2
+
1
2
4piaBFNBNF
~2
mR
|φB |2|φF |2, (21)
where φi, Ni are the order parameter and number
of atoms of the Bose or Fermi component, mR ≡
mBmF /(mB + mF ) is the reduced mass, aBF is the
Bose-Fermi scattering length to characterize the spin-
independent interaction between a boson and a fermion,
and the energies Ei(ni, ai) are given by Eqs. (11) and
(15) and the density ni ≡ Ni|φi|2.
The Euler-Lagrange equations for a spherically sym-
metric trap corresponding to Lagrangian (21) are
i~
∂φB(r, t)
∂t
=
[
− ~
2∇2
2mB
+mBV (r) + µB(nB , aB)
+
2~2piaBFNF
mR
|φF |2
]
φB(r, t), (22)
i~
∂φF (r, t)
∂t
=
[
− ~
2∇2
8mF
+mFV (r) + µF (nF , aF )
+
2~2piaBFNB
mR
|φB |2
]
φF (r, t), (23)
where µB and µF are given by Eqs. (7) and (18), respec-
tively, valid along the crossover, and the confining trap
is taken as
V (r) =
1
2
[
ω2x(x
2 + y2) + ω2zz
2
]
(24)
where for a spherically-symmetric confinement ωx = ωz
and for a quasi-1D confinement ωx  ωz, with ωx and ωz
the trapping frequencies along x and z axes, respectively.
In the absence of the interaction between bosons and
fermions (aBF = 0), Eqs. (22) and (23) reduce to Eqs.
(3) and (4) for bosons and fermions, respectively.
In Eqs. (22) and (23) the Bose and Fermi chemical
potentials µB and µF are valid along the crossover from
weak to strong coupling, whereas for Bose-Fermi interac-
tion we are using its value in the weak-coupling limit as in
the GP equation, as there is no universally accepted form
of the Bose-Fermi interaction in the weak and strong cou-
plings. This is acceptable if the calculation is limited to
only the weak coupling limit of Bose-Fermi interaction.
From Fig. 1, we find that the GP functional agrees with
the crossover formula for chemical potential for values of
the gas parameter x / 0.2 and the present study will be
limited in this domain.
We obtain a set of coupled dimensionless equations
from Eqs. (22) and (23) by expressing length in units
of l0 ≡
√
~/mBωx, time in units of t0 = mBl20/~, |φi|2 in
units of l−30 , and energy in units of ~2/mBl20, etc:
i
∂φB(r, t)
∂t
=
[
− ∇
2
2
+ V(r) + n2/3B f(aBn1/3B )
+
2pimBaBFnF
mR
]
φB(r, t), (25)
i
∂φF (r, t)
∂t
=
[
− mB∇
2
8mF
+
mF
mB
V(r) + mBk
2
F
2mF
g(aF kF )
+
2pimBaBFnB
mR
]
φF (r, t), (26)
V(r) = 1
2
[
(x2 + y2) +
ω2z
ω2x
z2
]
, (27)
where kF = (3pi
2NF |φF |2)1/3, and functions f and g are
given by Eqs. (8) and (19).
III. NUMERICAL RESULTS
Equations (25) and (26) do not have analytic solution
and different numerical methods, such as split time-step
Crank-Nicolson [51, 52] and Fourier pseudo-spectral [53]
methods, are usually used to obtain their solution. The
ground state of the Bose-Fermi mixture is obtained by
solving Eqs. (25)-(26) in imaginary time [51].
We consider a Bose-Fermi mixture of 7Li and 6Li atoms
in a three-dimensional isotropic trap (ωx = ωz), where we
use the radial symmetry of the system, trapping poten-
tial and emergent solutions, to cast the Eqs. (25)-(26) in
terms of a single spatial coordinate r, i.e. the radial co-
ordinate of the spherical polar coordinate system. The
radial spatial step size ∆r and time step ∆t used to solve
the Eqs. (26)-(25) numerically are 0.05 and 0.0001, re-
spectively, in dimensionless units.
The solutions obtained with the present crossover
model which smoothly connects the weak-coupling
regime with the unitarity regime are compared with the
two models applicable in the weak-coupling regime, i.e.
the GP-DF and LHY models. Before we proceed, let us
precisely state what we mean by these three models. So-
lutions of Eqs. (25) and (26) with f(x = aBN
1/3
B |φB |2/3)
and g(y = aF kF ) given, respectively, by Eqs. (8) and
(19) are termed as solutions obtained by the present
model (denoted by symbol P for present). In the LHY
and GP-DF models, f(x) and g(y) in Eqs. (25) and (26)
are given, respectively, by
f(x) = 4pi
(
x+
α
2
x5/2
)
, g(y) = 1 + d1y + d2y
2; (28)
f(x) = 4pix, g(y) = 1. (29)
We find that the ground state solution of the present
model can be different quantitatively as well as qualita-
tively from the LHY and GP-DF models.
We find that without the inter-species interaction
(aBF = 0) the density of both components is maximum
at the center resulting in a mixed phase. With the in-
crease of repulsive inter-species interaction the density of
60
0.001
0.002
0 2 4 6 8 10
aB = 500a0
(a)
|φ
|2
(µ
m
−3
)
r (µm)
P B
F
LHY B
F
GP B
F
0
0.001
0.002
0 4 8 12
aB = 1400a0
(b)
|φ
|2
(µ
m
−3
)
r (µm)
P B
F
LHY B
F
GP B
F
0
0.002
0.004
0 4 8 12
aB = 2000a0
(c)
|φ
|2
(µ
m
−3
)
r (µm)
P B
F
LHY B
F
GP B
F
FIG. 3: (Color online) Densities of Bose (|φB |2) and Fermi
(|φF |2) components in a harmonically trapped 7Li-6Li mix-
ture from a solution of Eqs. (25)-(26) by imaginary-time
propagation: present (P) crossover model, Eqs. (8) and (19);
LHY (LHY) model, Eq. (28); and GP-DF (GP) model, Eq.
(29); for aB = (a) 500a0, (b) 1400a0, and (c) 2000a0. The
other parameters, NB = 50000, NF = 1000a0, aF = 0, and
aBF = 1500a0, are the same for (a)-(c).
one of the components may reduce at the center. With
further increase of inter-species repulsion the density of
one of the components could be zero at the center and
when that happens we will call the resultant Bose-Fermi
state a demixed state.
We first consider a Bose-Fermi 7Li-6Li mixture with
NB = 50000, NF = 1000, aF = 0, aBF = 1500a0 for dif-
ferent aB. In Figs. 3 we plot component densities |φi(r)|2
for the three models normalized as 4pi
∫
r2dr|φi(r)|2 = 1.
For aB = 500a0, there is a good agreement between the
component densities obtained from the three models as
is shown in Fig. 3(a), which indicates that the system is
in the weak-coupling regime. As aB is increased progres-
sively to (b) 1400a0 and (c) 2000a0, in both the LHY and
GP-DF models, the system slowly changes from demixed
state to mixed state with the transition first occurring
for the LHY model, viz. Figs. 3 (a)-(b), and then for
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FIG. 4: (Color online) Same as in Fig. 3 for parameters (a)
aB = ∞, aBF = 1500a0 and (b) aB = ∞, aBF = 1000a0
for the present (P) crossover model, other parameters are the
same as in Fig. 3.
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FIG. 5: NB-aB phase plots illustrating the mixing and demix-
ing domains from the present (P) crossover, GP-DF (GP),
LHY (LHY) models for (a) NF = 1000, aF = 0, and aBF =
1500a0 and (b) NF = 1000, aF = 0, and aBF = 1000a0. The
demixed (mixed) states with the three models lie towards the
left (right) of the respective lines.
the GP-DF model, viz. Figs. 3(b)-(c); whereas in the
present model the system remains always demixed. On
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FIG. 6: (Color online) Densities of Bose (|φB |2) and Fermi
(|φF |2) components in a harmonically trapped 7Li-6Li mix-
ture from the present (P) crossover model, Eqs. (25)-(26),
and the LHY (LHY) model, Eq. (28) for aF = (a) −2000a0,
(b) −2100a0, and (c) −8000a0. The other parameters, NB =
1000, NF = 50000a0, aB = 500a0, and aBF = 1500a0, are the
same for (a)-(c).
further increase in aB, the system remains demixed as
per the present model as shown in Fig. 4(a) for aB =∞.
However, a large aBF (= 1500a0) is necessary for demix-
ing in the present model and for a slightly smaller aBF
(= 1000a0), we have mixing in the present model, viz.
Fig. 4(b). Hence the qualitative difference among the re-
sults of the present model on one hand and the LHY and
the GP-DF models on the other hand as found in Figs. 3,
as aB is changed from weak to strong coupling, is caused
by a relatively large value of aBF (= 1500a0) used in nu-
merical simulation. If we used the value aBF = 1000a0
instead, keeping all other parameters unchanged, we ver-
ified that there will not be any qualitative difference in
the results of the three models: as aB is increased from
weak to strong coupling in all three models there will be
transition from demixed to mixed configuration (figure
not presented). The same will be true for the physical
value aBF = 40a0 for the Bose-Fermi scattering length
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FIG. 7: (Color online) Same as in Fig. 6 for NB = 1000, NF =
50000, aBF = 1000a0, aB = 1000a0, and (a) aF = 0, and (b)
aF = −10000a0.
in the 7Li-6Li system [54].
Here we are using a large value of aBF in the range
1000a0 ∼ 1500a0, and are using a mean-field GP-type
Bose-Fermi repulsion valid for small values of the gas pa-
rameter xBF ≡ aBF (nBF )1/3 / 0.2, where nBF is the
geometric mean of Bose and Fermi densities. From Figs.
3 and 4, we find that the typical average values of |φi|2
are less than 0.0005 and the densities are ni = Ni|φi|2
with NB = 50000, NF = 1000 and aBF = 1500a0; con-
sequently, xBF ≈ 0.12 < 0.2, where the GP approxi-
mation for Bose-Fermi interaction is valid. In these fig-
ures the bosonic gas parameter with NB = 50000 and
aB = 1500a0 is larger than 0.2, thus requiring the present
crossover formula for a proper description of dynamics.
Keeping NF and aF fixed, the NB-aB phase plots show-
ing the parameter domains of mixed and demixed states
are illustrated in Figs. 5(a) and (b) for aBF = 1500a0
and 1000a0, respectively. The demixed (mixed) states
for the present, GP-DF, and LHY models appear on the
left (right) side of the respective lines.
Let us consider another case with NB = 1000, NF =
50000, aB = 500a0, aBF = 1500a0, while aF is progres-
sively decreased. In this case, for −2000a0 ≤ aF < 0, the
three models lead to qualitatively similar demixing with
the Bose component forming a core with the Fermi com-
ponent forming a shell surrounding it as shown in Fig.
6(a) for aF = −2000a0. The results of the GP-DF model
are independent of aF, and hence in Fig. 6 we do not
show the results of this model. As aF is decreased slightly
to aF = −2100a0, we find a Bose component forming a
shell outside a Fermi core at the center as per the present
model as is shown in Fig. 6(b) for aF = −2100a0. Upon
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FIG. 8: NF-|aF| phase plots for NB = 1000, aB = 500a0
and illustrating (a) the mixing and demixing domains for the
present (P) model with aBF = 1000a0, (b) crossover between
the demixed state with bosons (fermions) forming the core
(shell) to the demixed state with bosons (fermions) forming
the shell (core) for present model with aBF = 1500a0, and (c)
the demixing and mixing domains for the LHY (LHY) model
with aBF = 1500a0.
further reduction of aF to −8000a0, the Bose shell moves
further away from the center of the trap according to the
present model, whereas LHY model ends up in the mixed
phase as is shown in Fig. 6(c).
If we perform the analysis illustrated in Fig. 6 for
aBF = 1000a0, the inter-species repulsion is weaker and
in the weak-coupling limit (aF = 0), we have overlap-
ping states for all models as shown in Fig. 7(a). Again
we do not show the results of the GP-DF model as the
same do not change with aF . In the strong-coupling
limit (aF = −10000a0), the present model results in the
demixed state, whereas the LHY model remains in the
mixed state, viz. Fig. 7(b).
The mixing-demixing phenomena illustrated in Figs. 6
and 7 leads to the NF -|aF | phase plots of Figs. 8. In Fig.
8(a) the fixed parameters are NB = 1000, aB = 500a0
and aBF = 1000a0. In this case mixing-demixing transi-
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FIG. 9: Reduced density di(z) of the binary Bose-Fermi
mixture for (a) NB = 100, NF = 50000, aB = 4000a0, aF =
−4000a0, aBF = 1500a0, (b) NB = 50000, NF = 100, aB =
4000a0, aF = −4000a0, aBF = 1500a0 for the present (P) and
GP-DF (GP) models. Here ωz = 0.1ωx
tion takes place only for the present model for NF ≥ 270.
In Fig. 8(b), with fixed parameters NB = 1000, aB =
500a0, aBF = 1500a0, the present model, which results
in a demixed ground state, predicts a position-swapping
transition with the Bose component forming the core
which is surrounded by the fermionic shell below a crit-
ical NF for a given value of aF (as is shown in Fig.
6(a)). Above this critical NF , the Fermi component
moves to the core with the Bose component forming
the shell around it as in Fig. 6(c). These two quali-
tatively different states are marked as B(in) and B(out),
respectively, in Fig. 8(b). For the same fixed parameters
NB = 1000, aB = 500a0, aBF = 1500a0, the LHY model
leads to the demixing-mixing transition as one increases
NF at the fixed value of aF as is shown in Fig. 8(c).
Next we consider a quasi-1D 7Li-6Li Bose-Fermi mix-
ture [55] along the z axis with strong traps in the x − y
plane (ωx = 10ωz) and consider a few illustrative ex-
amples to show the qualitatively different ground state
solutions obtained from the present model as compared
to the GP-DF and LHY models. The spatial step
size ∆x = ∆y = ∆z and time step ∆t used to solve
Eqs. (25)-(26) numerically are 0.15 and 0.005625, re-
spectively, in dimensionless units. In such a quasi-1D
Bose-Fermi mixture, the essential collective dynamics
and mixing-demixing transition take place in the z di-
rection. Hence for quasi-1D 7Li-6Li Bose-Fermi mix-
tures, we will illustrate only the reduced 1D density along
the z direction di(z) =
∫
dxdy|φi(x, y, z)|2. Apart from
mixing-demixing transition in the z direction, we also
9find spontaneous symmetry-broken states in the quasi-1D
7Li-6Li Bose-Fermi mixtures. Two examples of sponta-
neous symmetry breaking in the present model are shown
in Fig. 9(a)-(b) for the reduced 1D density along z direc-
tion where one of the components moved away from the
center breaking the parity symmetry. In this case the re-
sults of the GP-DF and LHY models lie very close to each
other and the result of only the former model is shown.
In Figs. 9 there is a demixing in the present crossover
model with the density of one of the components being
zero at the center while the other component having a
density maximum at the center. The densities of the
LHY model remain overlapping and parity symmetric.
In addition to the spontaneous symmetry broken states
of Fig. 9, it is also possible to have partially to fully
demixed states in quasi-1D Bose-Fermi mixtures. For
this purpose, we consider (a) ωx = 10ωz and (b) ωx =
100ωz , where the spatial step size ∆x = ∆y = ∆z and
time step ∆t used to solve the equations (25)-(26) nu-
merically are taken to be 0.1 and 0.0025, respectively.
For both (a) and (b), we consider NB = 1000, NF =
100, aB = 500a0, aF = −20000a0, and aBF = 1500a0.
The reduced 1D density di(z) obtained in these two cases
with the present and GP-DF models are shown in Figs.
10(a) and (b); it is evident that the bosons stay in the
central region and the fermions are expelled symmetri-
cally in two directions. With the present model, the
ground state is partially demixed with ωx = 10ωz, viz.
Fig. 10(a) and fully demixed with ωx = 100ωz, viz. Fig.
10(b). In the GP-DF models, there is partial demixing
which becomes more pronounced as the trap becomes
more confined along the radial direction; the same is the
case with LHY model (not shown in the figure).
IV. SUMMARY
Here we have demonstrated spontaneous symmetry
breaking and mixing-demixing transition in trapped
super-fluid Bose-Fermi mixture along the crossover from
weak-coupling to unitarity for both intra-species Bose
and Fermi interactions. For Bose-Fermi inter-species in-
teraction, we have used the weak-coupling GP interac-
tion. The usual description of the super-fluid Bose-Fermi
mixture employs the weak-coupling GP Lagrangian for
the bosons and DF Lagrangian for the fermions. The
interaction term in the GP Lagrangian is essentially
the same as the many-body Hartree interaction term;
that in the DF Lagrangian is the total kinetic energy
of the fermions in the Fermi sea. Usual treatment of the
Bose-Fermi mixture employing GP Lagrangian for bosons
and DF Lagrangian for fermions is termed GP-DF for-
mulation. To study the Bose-Fermi mixture along the
weak-to-strong coupling crossover, we suggested analytic
non-perturbative Lagrangians for intra-species Bose and
Fermi interactions with correct LHY limit(s) in the weak-
coupling domain and with correct unitarity limit(s) in
the strong-coupling domain. These analytic Lagrangians
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FIG. 10: Reduced density di(z) of the binary mixture for
NB = 1000, NF = 100, aB = 500a0, aF = −20000a0, aBF =
1500a0 with (a) ωz = 0.1ωx and (b) ωz = 0.01ωx for the
present (P) and GP-DF (GP) models.
have a single parameter: the universal parameter(s) ηi
at unitarity for bosons and fermions. In this study we
have used the most precise value(s) of this universal pa-
rameter, which should be updated in future applications,
if possible. The Euler-Lagrange equations of the Bose-
Fermi mixture describe the dynamics and have been used
in this study.
In this study, we considered spherically-symmetric and
quasi-1D traps. In both cases, we compared the re-
sults of the present model valid along the crossover with
those of the usual weak-coupling GP-DF and LHY mod-
els and found that the two types of treatments may lead
to qualitatively different results. For example, in spheri-
cally symmetric traps we identified cases of demixing in
Bose-Fermi mixture using the present crossover model
not found in the weak-coupling GP-DF and LHY mod-
els. In quasi-1D traps, we found spontaneous symmetry
breaking in the present crossover model not found in GP-
DF and LHY models. Hence we conclude that the per-
turbative LHY model is unable to properly describe the
Bose-Fermi mixture away from the weak-coupling limit.
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